This paper is devoted to the framework of direct limit of anchored Banach bundles over a convenient manifold which is a direct limit of Banach manifold. In particular we give a criterion of integrability for distributions on such convenient manifolds which are locally direct limits of particular sequences of Banach anchor ranges.
Introduction and results
In classical differential geometry, a distribution on a smooth manifold M is an assignment
on M , where D x is a subspace of T x M . This distribution is integrable if, for any x ∈ M there exists an immersed submanifold f : L → M such that x ∈ f (L) and for any z ∈ L we have T f (T z L) = D f (z) . On the other hand, D is called involutive if, for any vector fields X and Y on M tangent to D, their Lie bracket [X, Y ] is also tangent to D. On finite dimensional manifold, when D is a subbundle of T M , the classical Frobenius Theorem gives an equivalence between integrability and involutivity.
In the other case, the distribution is singular and, even under assumptions of smoothness on D, in general, the involutivity is not a sufficient condition for integrability (one needs some more additional local conditions). These problems were clarified and resolved essentially in [Sus] , [Ste] . In the context of Banach manifolds, the Frobenius Theorem is again true for distributions which are complemented subbundles in the tangent bundle. For singular Banach distributions closed and complemented (i.e. D x is a complemented Banach subspace of T x M ) we also have the integrability property under some natural geometrical conditions (see [ChSt] for instance). In a more general way, weak Banach distributions D (i.e. D x is endowed with its own Banach structure, such that the inclusion of D x into T x M is continuous for all x ∈ M ), the integrability property is again true under some geometrical criterion (see [Pel] for more details).
The notion of Lie algebroid A = (E, π, M, ρ, [ , ] E ) , where π : E −→ M is a fiber bundle and where the anchor ρ is a morphism of Lie algebras, was first introduced by Pradines in [Pra] . Such objects can be seen as generalizations of both Lie algebras and tangent vector bundles. This context is an adapted framework for different problems one can meet in Mechanics (e.g. non holonomic lagrangian systems, [CLLM] ) or in symplectic Geometry in view of the symplectization of Poisson manifolds and applications to quantization ( [Kar] , [Wei] ).
The Stephan-Sussmann Theorem implies the integrability of the distribution ρ(E) for a Banach Lie algebroid (E, π, M, ρ, [ , ] E ). Moreover one also gets the existence of symplectic leaves for Lie-Poisson Banach manifold under comparable assumptions.
However the Banach context is not necessarily the most appropriate: for instance, in the framework of Lie-Poisson structure on the dual of the Lie algebra of an infinite dimensional Lie group, the adaptated model is not anymore the Banach one. It is necessary to work in the convenient framework as defined by [FrKr] and [KrMi] . A lot of infinite-dimensional Lie groups G, linked with symmetries depending on infinitely many parameters one can meet in Mathematical Physics, can often be expressed as the union of an ascending sequence G 1 ⊂ G 2 ⊂ · · · ⊂ G i ⊂ · · · of finite or infinite-dimensional Lie groups. Various examples of such objects can be found in the different papers of Glöckner (see [Glo1] , [Glo2] and [Glo3] ).
The context of this paper concerns the study of direct limit of anchored Banach bundles over direct limit of Banach manifolds endowed with convenient structures and the results of [Glo1] , [Glo2] and [Glo3] . More precisely essentially we consider sequences (E n , M n , ρ n ) n∈N * of anchored Banach bundles such that, for all n ∈ N * , we have:
-E 1 ⊂ E 2 ⊂ · · · ⊂ E n ⊂ · · · -π n : E n → M n is a Banach complemented subbundle of π n+1 : E n+1 → M n+1 1 as classically a Banach submanifold N of M is modeled on a complemented Banach subspace of the Banach model of M -ρ n is the restriction of ρ n+1 to E n Given such a sequence (E n , M n , ρ n ) n∈N * , we get an anchored convenient bundle E = lim − → E n , M = lim − → M n , ρ = lim − → ρ n (cf. Theorem 61). Note that, according to Glöckner's results, in order to get an interesting (convenient) structure on the direct limit of Banach manifolds, an essential hypothesis is the existence of direct limit charts (cf. Definition 24). In particular this assumption is true if each member M n of the ascending sequence M 1 ⊂ · · · ⊂ M n ⊂ · · · of Banach manifolds can be endowed with a Koszul connection ∇ n . When each E n can be endowed with an almost Lie bracket [ , ] n (resp. a Koszul connection ∇ n ) such that the restriction of [ , ] n+1 (resp. ∇ n+1 ) to E n is [ , ] n (resp. ∇ n ) we obtain an almost Lie bracket [ , ] = lim − → [ , ] n (resp. a Koszul connection ∇ = lim − → ∇ n on E). Moreover, if for each n ∈ N we have [ρ n (X), ρ n (Y )] = ρ n [X, Y ] n (resp. [ , ] n satisfies the Jacobi identity) the same property is true for the direct limit [ , ] . Now according to Theorem 5. of [Pel] we obtain the main result of this paper:
Theorem. Criterion of integrability (cf Theorem 67) Let ∆ be a distribution on a convenient manifold M with the following properties:
(1) for any x ∈ M , there exists an open neighborhood U of x, a direct sequence of anchored Banach bundles (E n , π n , U n , ρ n ) n∈N * endowed with a Koszul connection ∇ n , such that U = lim − → U n , lim − → ρ n (E n ) = ∆ |U and such that E n is a complemented subbundle of E n+1 . (2) there exists an almost Lie bracket [ , ] n on (E n , π n , U n , ρ n ) such that (E n , π n , U n , ρ n , [ , ] n ) is a Banach algebroid, and over each point y n ∈ U n the kernel of ρ n is complemented in the fiber π −1 n (y n ). Then the distribution ∆ is integrable and each maximal integral manifold satisfies the direct limit chart property at any point and so is endowed with a convenient structure.
Note that in the framework of finite dimensional or Hilbert manifolds, this criterion of integrability requires much weaker assumptions (cf Corollary 69).
In order to make this article as self-contained as possible we first recall different notions: the convenient differential calculus setting as defined by Frölicher, Kriegl and Michor (part 2), direct limits of topological vector spaces (part 3) or manifolds (part 4) and linear connections on Banach bundles (part 5). In part 6, Theorem 61, we prove that certain limits of Almost Lie Banach algebroids can be endowed with a structure of Almost Lie convenient algebroid. In the last part we prove the previous Theorem which is a criterion of integrability for distributions and we give an application to actions of direct limit of Banach Lie groups.
Convenient differential calculus
Differential calculus in infinite dimensions has already a long history which goes back to the beginnings of variational calculus developed by Bernoulli and Euler. During the last decades a lot of theories of differentiation have been proposed in order to differentiate in spaces more general than Banach ones; the traditional calculus for Banach spaces is not satisfactory for the categorical point of view since the space C ∞ (E, F ) of smooth maps between Banach spaces is no longer a Banach space. The right differential calculus seems to have been discovered by A. Frölicher and A. Kriegl (see [FrKr] ). The reference for this section is the tome [KrMi] which includes some further results.
In order to define the smoothness on locally convex topological vector spaces (l.c.t.v.s.) E, the basic idea is to test it along smooth curves (cf. Definition 5), since this notion in this realm is a concept without problems. A curve c : R −→ E is differentiable if, for all t, the derivative c ′ (t) exists where c
It is smooth if all iterative derivatives exist. The space C ∞ (R, E) of such curves does not depend on the locally convex topology on E but only on its associated bornology (system of bounded sets). Note that the topology can vary considerably without changing the bornology; the bornologification E born of E is the finest locally convex structure having the same bounded sets. One can note that the link between continuity and smoothness in infinite dimension is not as tight as in finite dimension: there are smooth maps which are not continuous! Remark 2. The c ∞ -topology is in general finer than the original topology and E is not a topological vector space when equipped with the c ∞ -topology. For Fréchet spaces and so Banach spaces, this topology coincides with the given locally convex topology.
Definition 3. A locally convex vector space E is called bornological if any bounded linear mapping 2 f : E −→ F (where F is any Banach space) is continuous.
Lemma 4. Let E be a bornological vector space. The c ∞ topology and the locally convex topology coincides (i.e. c ∞ E = E) if the closure of subsets in E is formed by all limits of sequences in the subset.
In particular, c ∞ E = E if E is metrizable ( [KrMi] , Theorem 4.11).
Definition 5. Let E and F be l.c.t.v.s. A mapping f : E −→ F is called smooth if it maps smooth curves into smooth curves, i.
Remark that in finite dimensional spaces E and F this corresponds to the usual notion of smooth mappings as proved by Boman (see [Bom] ). The map f is called analytic (c ω in short) if f is smooth and f • c is an analytic curve in F for any analytic curve c : R → E in E.
In finite-dimensional analysis we use the Cauchy condition, as a necessary condition for the convergence of a sequence, to define completness of the space. In the infinite-dimensional framework we use the notion of Mackey-Cauchy sequence.
Definition 6. A sequence (x n ) in E is called Mackey-Cauchy if there exists a real sequence (a n ) converging to 0 and a bounded absolutely convex subset B ⊂ E such that x n ∈ a n .B for all n ∈ N.
Definition 7. A locally convex vector space is said to be c ∞ -complete or convenient if any Mackey-Cauchy sequence converges (c ∞ −completness).
We then have the following characterizations:
Proposition 8. A locally convex vector space is convenient if one of the following equivalent conditions is satisfied: 1. For every absolutely convex closed bounded set B the linear span E B of B in E, equipped with the norm p B is complete.
2. A curve c : R −→ E is smooth if and only if λ • c is smooth for all λ ∈ E ′ where E ′ is the dual consisting of all continuous linear functional on E.
Example 9. The vector space R ∞ , also denoted by R (N) or Φ of all finite sequences is a countable convenient vector space ( [KrMi] , 47.1) which is not metrizable. A basis of R ∞ is (e i ) i∈N * where e i = 0, . . . , 0, 1
The following theorem shows that the differential calculus on convenient vector spaces is the proper one.
Theorem 10. Let U be a c ∞ -open set of a convenient vector space E and let F and G be convenient vector spaces.
1. The space C ∞ (U, F ) may be endowed with a structure of convenient vector space. The subspace L (E, F ) of all bounded linear mappings from E to F is closed in C ∞ (E, F ). 2. The category is cartesian closed, i.e. we have the natural diffeomorphism:
exists and is linear and smooth. 4. The chain rule holds:
Proposition 11. The following constructions preserve c ∞ -completeness: limits, direct sums, strict direct limits of sequences of closed embeddings.
In general an inductive limit of c ∞ complete spaces needs not be c ∞ −complete ( [KrMi] , 2.15 example). The notions of manifolds ( [KrMi] , 27.) and vector bundles ( [KrMi] , 29.) modeled on convenient space are defined in a classic way.
Direct limits of topological vector spaces
In this section the reader is referred to [Bou] , [Glo1] and [Glo2] . Let (I, ≤) be a directed set. A direct system in a category A is a pair S = X i , ε j i i∈I, j∈I, i≤j where X i is an object of the category and ε j i : X i −→ X j is a morphism (bonding map) where:
A cone (X, ε i ) i∈I is a direct limit of S if for every cone (Y, θ i ) i∈I over S there exists a unique morphism ψ : X −→ Y s.t. ψ • ε i = θ i . We then write X = lim − → S or X = lim − → X i . When I = N with the usual order relation, countable direct systems are called direct sequences.
Direct limit of sets
Let S = X i , ε j i i∈I, j∈I, i≤j be a direct system of sets (we then have A = SET).
x ∈ X i } be the disjoint union of the sets X i with the canonical inclusion
We define an equivalence relation on U as follows:
We then have the quotient set X = U/ ∼ and the map ε i : π • ı i where π : U −→ U/ ∼ is the canonical quotient map. Then (X, ε i ) is the direct limit of S in the category SET. If each ε j i is injective then so is ε i whence S is equivalent to the direct system of the subsets ε i (X i ) ⊂ X, together with the inclusion maps.
Direct limit of topological spaces
is a direct system of topological spaces and continuous maps, then the direct limit (X, ε i ) i∈I of the sets becomes the direct limit in the category TOP of topological spaces if X is endowed with the direct limit DL−topology , i.e. the finest topology which makes the maps ε i continuous. So O ⊂ X is open if and only if ε
When S = (X n , ε m n ) n∈N * , m∈N * , n≤m is a direct sequence of topological spaces such that each ε m n is injective, without loss of generality we may assume that we have X 1 ⊂ X 2 ⊂ · · · and ε n+1 n becomes the natural inclusion. Therefore S will be called an ascending sequence of topological spaces (expanding sequence in the terminology of [Han] ) and simply denoted (X n ) n∈N * . Moreover if each ε m n is a topological embedding then we will say that S will be called strict ascending sequence of topological spaces. In this situation each ε n is a topological embedding on X n in X = lim − → X n . Let us give some properties of ascending sequences of topological spaces ([Glo2] , Lemma 1.7):
Proposition 12. Let (X n ) n∈N * be an ascending sequence of topological spaces. Equip X = n∈N * X n with the final topology with respect to the inclusion maps ε n : X n ֒→ X (i.e. the DL−topology). Then we have:
O n is open in X and the DL-topology on O = lim − → O n coincides with the topology induces by X. 3. If each X n is locally compact, then X is Hausdorff. 4. If each X n is T 1 and K ⊂ X is compact, the K ⊂ X n for some n. Remark 13. The direct limit of an ascending sequence (X n ) n∈N * of topological spaces is equal to the direct limit of (X n ) n∈N * , n≥n0 in the category SET. According to Proposition 12, 2., these direct limits also coincide in the category TOP.
Let (X n , i m n ) n≤m, m∈N * ,n∈N * and (Y n , j m n ) n≤m, m∈N * ,n∈N * be two ascending sequences of topological spaces. Then assume that we are given a sequence of maps f n : X n −→ Y n which is consistent, i.e. that we have for any n ≤ m,
Y n are the associate inclusions respectively. If every map f n is continuous then the induced map f is continuous with respect to the DL−topologies on X and Y (continuity criterion, [HSTH] ).
Direct sequences of Banach spaces
Let (E n ) n∈N * be an ascending sequence of Banach spaces. It is easy to see that we can choose a norm || || n on E n for n ∈ N * such that
In this paper, we always make such a choice.
Given such a direct sequence of Banach spaces, then E = Of course, a (LB)-space does not have a structure of convenient space. We mention some important cases for which a (LB)-space has a structure of convenient space:
(a) LB-space (since every Banach space is convenient, see [KrMi] Theorem 2.15); (b) Silva space (cf. [KrMi] 52.37); (c) each Banach space E n is finite dimensional (which corresponds to the intersection of the two previous cases).
Note that in each of these previous cases the LCDL-topology on E induces the given Banach topology on each member E n and the c ∞ -topology is finer than the LCDL-topology.
In the whole paper we consider the following type of (LB)-space:
Definition 16. We say that a (LB)-space E = lim − → E n is a (LBC)-space if E is endowed with a convenient space structure.
Note that if E = lim − → E n and F = lim − → F n are (LBC)-spaces then we can identify
E n as locally convex topological space (cf. [HSTH] , Theorem 4.3) and so E × F is a convenient space (cf. [KrMi] ).
We now consider a general situation which gives rise to a convenient structure on a direct limit of an ascending sequence of Banach spaces.
Proposition 17. Let (E n ) n∈N * be a sequence of ascending Banach spaces. Assume that there exists a countable subset I ⊂ N * such that
Proof. We set J = N * \ I. An index of I (resp. J) will be denoted i l , l ∈ N * (resp. j k , k ∈ N * ). In the category of SET we have
From our assumption, E I is a convenient space and for any i l ∈ I there exists j k ∈ J such that E i l ⊂ E j k and conversely. Therefore we have the equality E I = E j = E. Thus in the category SET we have
is continuous (as composition of a finite number of continuous inclusions), O ∩ E j k is an open set of E j k . It follows that the DL topology of E = lim − → E n and E I coincide. In particular E is Hausdorff.
Of course, the algebraic structure of vector space on each set E, E i coincide and then E and E I have the same convex sets. As a set O is an open set of the LCDL-topology on E if and only if O is convex and O ∩ E n is open in E n for all n ∈ N * . Again, as each E j k is contained is some E i l 0 for some i l0 > j k , it follows that O is an open set of the LCDL-topology on E if and only if O is an open set for LCDL-topology on E I . It follows that the LCDL-topology on E and E I also coincide. Finally, the locally convex vector spaces E I and E have the same convex bounded sets. It follows that E is a convenient space with the same structure as E I and also the same c ∞ -topology.
Lemma 18. If E = lim − → E n is a (LBC)-space then for the LCDL-topology we have:
(i) E is Hausdorff, complete, bounded regular (i.e. every bounded subset of E is contained in some E n ). Moreover E is also compact regular (i.e. every compact subset of E is contained in some E n ).
(ii) Let f : E −→ F be a linear map where F is a Banach space.
The following properties are equivalent:
(1) f is bounded;
(2) each restriction f n of f to E n is continuous;
Proof. (i) As E is endowed with a convenient structure, it must be Hausdorff and complete for the LCDL-topology. Now from [Flo] 5.6 and 4.3 E must be bounded regular. From [Wen] the bounded regularity and compact regularity are equivalent properties in this context.
(ii) (1) =⇒ (2) : If f is bounded, then its restriction f n of f to E n is bounded, so f n : E n −→ F is continuous.
(2) =⇒ (3) : Assume that each restriction f n of f to E n is continuous. To prove that f is continuous, it is sufficient to show that for any ball
is an open convex set of E. But we have
As each f n is continuous
LCDL-topology).
(3) =⇒ (1) : Assume now that f is continuous and consider a bounded set B of E. From part (i), B is contained in some E n . But as the inclusion of E n in E is continuous, f n is continuous and so f (B) = f n (B) is bounded in F .
Proposition 19. On a (LBC)-space E = lim − → E n the DL−topology coincides with the c ∞ -topology.
Proof. Let B be an absolutely convex bounded set of E. From Lemma 18, B is contained in some E n and then E B is a vector subspace of E n equipped with the Minkowski norm p B . The closed unit ball B n in E n is also an absolutely convex bounded set and there exists α ≥ 1 such that B ⊂ α.B n . Remark that if p n is the given norm on E n then p n is the Minkowski functional associated to
belongs to α.B n so we get
∞ −open, as E n = E Bn and the norm p Bn is the given norm on E n , again from Proposition 1, it follows that U is an open set of the DL−topology on E.
Let E and F be locally convex spaces and f : U −→ F be a map defined on an open set U of E. Recall that from the classical differential calculus in locally convex topological space, for r ∈ N ∪ {∞}, the map f is of class C r or C r -map in short if it is continuous and, for all k ∈ N such that k ≤ r, the iterated directional derivatives
When r = ∞ we say that f is smooth.
We have the following link between C ∞ map on each member E n and c ∞ map on E for (LBC)-space (cf. [Glo2] Lemma 1.9):
Proof. This proof is an adaption of the proof of Lemma 1.9 of [Glo2] . First note that on an open set of a Banach space we have equivalence between c ∞ and C ∞ differentiability (cf. [Bom] ). Assume that f is c ∞ on U . Given any smooth curve γ : R −→ U ∩ E n then γ is a smooth curve in U so f • γ is smooth. As U ∩ E n is an open of a Banach space it follows that f n = f |U∩En is C ∞ . Conversely assume that f n = f |U∩En is C ∞ . Let γ : R −→ U be a smooth curve. Fix some t 0 ∈ R and consider a small interval ]α, β[ which contains t 0 .
From the property of compact regularity of E , γ(]α, β[) must be contained in U ∩ E n for some n ∈ N * so f • γ is smooth in restriction to ]α, β[. If follows that f • γ is smooth and so f is c ∞ . We can apply the same arguments for analytic curves for the c ω property.
(ii) Let f n : E n −→ F n be a sequence of continuous linear maps then f is a linear map from E to F which is c ∞ and f is continuous for the DL−topologies.
Proof. (i) According to Proposition 12
U is an open set of E and
Under the assumption of (ii), the associated map f = lim − → f n is linear and continuous. Now, as f n is continuous linear between Banach space, f n must be C ∞ and by part (i), f must be c ∞ .
4 Direct limit of manifolds
Direct limit of ascending sequence of Banach manifolds
Let M be a convenient manifold modeled on a convenient space E and T M its kinematic tangent bundle (cf. [KrMi] , 28.1). We give the notion of weak submanifold used in [Pel] .
where N is a connected convenient manifold (modeled on a convenient space F ) and ϕ : N −→ M is a smooth map such that: -there exists a continuous injective linear map i : F −→ E (for the structure of l.c.v.s. of E) -ϕ is a c ∞ injective map and and the tangent map T x ϕ :
Note that for a weak submanifold ϕ : N −→ M , on the subset ϕ(N ) of M we have two topologies: -the induced topology from M ; -the topology for which ϕ is a homeomorphism from N to ϕ(N ). With this last topology, via ϕ, we get a structure of Banach manifold modeled on F . Moreover, the inclusion from ϕ(N ) into M is continuous as a map from the Banach manifold ϕ(N ) to M . In particular, if U is an open set of M , then ϕ(N ) ∩ U is an open set for the topology of the Banach manifold on ϕ(N ).
Lemma 23. Let M = (M n ) n∈N * be an ascending sequence of Banach C ∞ manifolds, modeled on the Banach space E n , where the inclusion ε n+1 n
) is a weak submanifold of M n+1 .
(i) There exists injective continuous linear maps ι n+1 n : E n −→ E n+1 such that (E n ) n∈N is an ascending sequence of Banach spaces.
(ii) Assume that for x ∈ M = lim − → M n there exists a family of charts (U n , φ n ) of M n , for each n ∈ N * , such that:
-(U n ) n∈N * is an ascending sequence of chart domains;
as in Remark 13, note that the direct limit of M = (M n ) n∈N * is the same as the direct limit of (M n ) n∈N * ,n≥n0 . The result of part (ii) of this Lemma is still true if there exists an integer n 0 such that the assumptions of part (ii) are satisfied for all n ≥ n 0 .
) is a weak submanifold of M n , there exists an injective continuous linear map i n+1 n : E n −→ E n+1 for each n. Therefore (E n ) n∈N * is an ascending sequence of Banach spaces.
(ii) Under the assumption of part (ii), we set V n = ϕ n (U n ). At first from Proposition 12, as V n is an open of E, we have U =
According to the continuity criterion, f = lim − → f n is a continuous map from U to V which is injective and surjective. As each f n is a homeomorphism we can apply the same arguments to the family f −1 n which ends the proof.
Definition 24. We say that an ascending sequence M = (M n ) n∈N * of Banach C ∞ manifolds has the direct limit chart property at x ∈ M = lim − → M n if (M n ) n∈N * satisfies the assumptions of Lemma 23 part (ii).
Once more, note that the direct limit of M = (M n ) n∈N * is the same as the direct limit of (M n ) n∈N * ,n≥n0 (cf Remark 13)
Example 25. The existence of a direct limit chart is a natural requirement which is satisfied in many examples. We give some of them below. 1. According to Theorem 3.1 of [Glo2] if (M n ) n∈N * is an ascending sequence of C ∞ finite dimensional manifolds, then such a sequence has the direct limit chart property at any x ∈ M . 2. If M is a compact analytic manifold, it is well known that the set Diff(M ) of analytic diffeomorphisms of M can be described as a direct limit of an ascending sequence of Banach manifolds (M n ) n∈N * which has the direct limit chart property for any point of Diff(M ) (see [Les] ). Note that in this case (M n ) n∈N * is modeled on a sequence (E n ) n∈N * of Banach spaces whose direct limit E is a Silva space. 3. In [Dah] the reader can find examples of Lie groups which can be described as direct limits of ascending sequences of Banach manifolds (M n ) n∈N * modeled on sequences of Banach spaces l p whose direct limits E are not Silva spaces. 4. In the introduction of [Glo3] one can also find many examples of Lie groups which have the direct limit chart property at each point. 5. Let (M n ) n∈N * and (N n ) n∈N * be two ascending sequences of Banach manifolds which have the direct limit chart property at
We now give a general context under which an ascending sequence M = (M n ) n∈N * of Banach C ∞ manifolds has the direct limit chart property at each point of
Proposition 26. Let M = (M n ) n∈N * be an ascending sequence of Banach C ∞ manifolds modeled on the ascending sequence (E n ) n∈N * . We assume that: (i) E n is a complemented subspace in E n+1 for each n ∈ N * ; (ii) there exists a linear connection 3 on T M n for each n ∈ N * ; Then E = lim − → E n is a (LBC)-space and M has the direct limit chart property at each point of M = lim − → M n .
Example 27. By application of Proposition 26, M = (M n ) n∈N * has the direct limit chart property at each point in the following cases:
2. Each manifold M n is a paracompact Hilbert submanifold of M n+1 .
3. Each manifold M n is a paracompact Banach submanifold of M n+1 .
The proof of Proposition 26 requires the following Lemma:
Lemma 28. Let N 1 be a complemented immersed submanifold, modeled on F 1 , of a Banach manifold N , modeled on F with F 1 ⊂ F . Assume that there exists a linear connection on T N . Given any chart (U 1 , φ 1 ) of x in N 1 such that U 1 is a contractible set, there exists a chart (U, Φ) of x ∈ N 1 such that U is contractible, U ∩ N 1 = U 1 and Φ |U1 = φ 1 .
Proof. Let N 1 be an immersed complemented submanifold of a Banach manifold N . If N 1 is modeled on F 1 and N on F , there exists a Banach subspace
Assume that there exists a linear connection on T N . Therefore we have an exponential map Exp :
U z is an open neighborhood containing U 1 and we have
Therefore U 1 is a closed submanifold of U .
As U 1 is a contractible set, the restriction of T N to U 1 is trivial (cf. [AMR] Theorem 3.4.35). Therefore we have a diffeomorphism Θ : T N |U1 → U 1 × F . In the trivial bundle U 1 × F we can consider the subbundle U 1 × F 2 and we have
is an open set of F 1 and F 1 is paracompact, so is U 1 . Therefore by same arguments used in the proof of IV. Theorem 5.1 of [Lan] , we can build a diffeomorphism Ψ from an open neighborhood U of the zero section of
Note that U is a fibration on the zero section of Φ −1 (U 1 × F 2 ). Moreover, from the property of Exp, we can choose U such that each fiber is a contractible set. We denote by Φ the composition defined by
Proof. of Proposition 26
At first we have already seen that E = lim − → E n is a (LBC)-space (cf. Proposition 11). Now consider any point x ∈ M = lim − → M n . Then x belongs to some E n . Let l 0 be the first integer l such that x belongs to M l . Assume that for each integer l 0 ≤ l ≤ k we have the following property: there exists a family of charts (U n , φ n ) of M n , for each l 0 ≤ n ≤ l, such that: -(U n ) l0≤n≤l is an ascending sequence of chart domains around x; -φ n+1 |Un = φ n for all l 0 ≤ n < l From Lemma 28 this assumption is true for l = l 0 + 1. The proof is obtained by induction using Lemma 28
Now we can prove the following result which generalizes [Glo2] , Theorem 3.1.
Theorem 29. Let (M n ) n∈N * be an ascending sequence of Banach C ∞ manifolds, modeled on the Banach space E n . Assume that (M n ) n∈N * has the direct limit chart property at each point of x ∈ M = lim − → M n and E = lim − → E n is a (LBC)-space. Then, there is a uniquely c ∞ -manifold structure on M = lim − → M n modeled on the convenient space E which makes the canonical injection ε n : M n −→ M an injective c ∞ map for each n ∈ N * and (M n , ε n ) is a weak submanifold of M .
Corollary 30. Let (M n ) n∈N * be an ascending sequence of Banach C ∞ manifolds which satisfy the assumptions of Proposition 26. Then M = lim − → M n is endowed with a structure of convenient manifold modeled on a (LBC)-space.
Proof. of Theorem 29
As in Lemma 23 part (ii) we consider the set A of all the charts
are an open sets of the DL-topology on M and E respectively (cf. Proposition 12 part 2). From our assumption, A is then a topological atlas of M modeled on the convenient space E. Note that, from Proposition 19, each V α is also a c ∞ open set.
Let us prove that the change of charts are c ∞ -diffeomorphisms. Consider two charts (U α , φ α ) and U β , φ β around x ∈ M . We consider
For each n ∈ N * , the pairs (U α n , φ α n ) and (U β n , φ β n ) are charts of M n and the intersection of their domains is not empty. It follows that the map τ βα n is a C ∞ local diffeomorphism of E n . But the construction of U a and U β implies that U α ∩U β is the direct limit of (U a n ∩U
Therefore we obtain that A is c ∞ atlas on M. Now we prove the uniqueness of the c ∞ −structure. Assume that Y is a c ∞ −manifold modeled on the convenient vector space E and h n :
Then there is a uniquely determined continuous map h : M −→ Y s.t. h |Mn = h n . Let x ∈ M ; we can find a chart (U, ϕ) around x in the atlas A where f = lim − → f n U for charts
Hence g is c ∞ (cf. Proposition 21) whence so is h on the open neighborhood U of x and hence on all of M because x is arbitrary. Thus M, (ε n ) n∈N * = lim − → S in the category of c ∞ manifolds. The uniqueness of a c ∞ structure of manifold on M follows from the universal property of direct limits. Finally, any smooth curve γ : R → M n is contained in M . Therefore, each canonical injection ε n : M n −→ M is injective and c ∞ . Moreover according to the definition of the kinematic tangent space T x M to a convenient manifold M at a point x, it is clear that for x ∈ M n , the tangent space T x M n is a subspace of T x M .
Direct limit of Lie groups
The reader is referred to [Glo3] . Interesting infinite-dimensional Lie groups often appears as direct limits G = When the Lie groups G n are finite dimensional it is well known that the direct limit lim − → G n can be endowed with a structure of Lie group (see [Glo2] ). Here we give conditions on the direct sequences G = (G n , ε m n ) n∈N * , m∈N * , n≤m of Lie groups in order to obtain a structure of Lie group on their direct limit.
We first recall the essential notion of candidate for a direct limit chart :
G n be the union of an ascending sequence of C ∞ −Lie groups G n where the inclusion maps ε m n : G n ֒→ G m are C ∞ −homomorphisms and G n is a sub-group of G.
We say that G has a candidate for a direct limit chart if there exist charts φ n : G n ⊃ U n −→ V n ⊂ g n of G n around the identity for n ∈ N * (where g n stands for the Lie algebra of
V n is open in the locally convex direct limit lim − → g n which we assume to be Hausdorff.
Glöckner obtains the following result:
Proposition 32. Let G = n∈N * G n be a group which is the union of an ascending sequence of C ∞ −Lie groups. Assume that G has a candidate φ : U −→ V ⊂ lim − → g n for a direct limit chart and assume that one of the following conditions is satisfied: (i) G n is a Banach Lie group for each n ∈ N * and the inclusion map g n ֒→ g m is a compact linear operator for all n < m (ii) g n is a k ω −space for each n ∈ N * . Then G = lim − → G n as a topological space, topological group or C ∞ −Lie group and as a C ∞ −manifold.
Glöckner gives also results in the convenient setting where V = Proposition 33. Let G = n∈N * G n be a group which is the union of an ascending sequence of convenient Lie groups. Equip the vector space lim − → g n with the locally convex vector topology associated with the direct limit bornology which is assumed to be Hausdorff. We require that G admits a candidate for a direct limit chart in the convenient sense and that each bounded subset in g is a bounded subset of some g n . Then G may be endowed with a structure of c ∞ −Lie group.
This criterion permits to obtain:
Theorem 34. Let G = n∈N * G n be a group which is the union of an ascending sequence of Banach Lie groups. Assume that direct limit g = lim − → g n of the sequence (g n ) n∈N * of ascending associated Lie algebra is a (LBC)-space. If G admits a candidate for a direct limit chart then G endow a structure of convenient Lie group modeled on the (LBC)-space g. Therefore, Proposition 32 assumption (ii) can be seen as a Corollary of this Theorem. According to Proposition 17, if G admits a candidate for a direct limit chart then and assume that there exists a countable subset I ⊂ N * such that the direct limit g I = lim − → {g i , i ∈ I} is a (LBC)-space, then G is endowed with a structure of convenient Lie group modeled on the (LBC)-space g.
On the other hand, the reader can find the following criterion in [Dah] :
Theorem 35. Let G = (G n ) n∈N * an ascending sequence of Banach Lie groups such that all inclusions maps j n : G n → G n+1 are analytic group morphisms and assume that we have the following properties:
(a) for each n ∈ N * , there exists a norm || || n on the Lie algebra g n defining its Banach space structure, such that its Lie bracket satisfies the inequality ||[x, y]|| n ≤ ||x|| n ||y|| n for all x and y in g n and such that the bounded linear operator L(j n ) : g n → g n+1 has a norm operator bounded by 1; (b) the locally convex structure of vector space g = lim − → g n is Hausdorff; (c) the map exp G = n∈N * exp Gn :
G n has an analytic structure of Lie group modeled on g and exp G is a smooth diffeomorphism from some neighborhood of 0 to a neighborhood of 1 ∈ G.
We end this subsection by an application of this result 4 :
Theorem 36. Let (E n ) n∈N * be an ascending sequence of Banach spaces such that E n is a complemented Banach subspace of
is the Banach space of continuous linear operators of E n . Moreover GL(E) = n∈N * GL(E n ) has a structure of convenient Lie group modeled on L(E), where GL(E n ) is the Banach Lie group of linear continuous automorphisms of E n .
For the proof of this Theorem we need the following Lemma
Lemma 37. Let E and F be two Banach spaces such that E is a complemented Banach subspace of F . Given a norm || || E on E, there exists a norm || || F on F and an embedding λ : L(E) −→ L(F ) which is an isometry, with respect to the corresponding operator norms on L(E) and L(F ) respectively.
Moreover we have [λ(T ), λ(T
where, as classically, the bracket is given by [T,
Proof. Let E ′ be a subspace of F such that F = E ⊕ E ′ . We endow E ′ with a norm || || ′ and let || || F be the norm on F defined by ||x|| F = ||x 1 || E + ||x 2 || ′ if x = x 1 + x 2 with x 1 ∈ E and x 2 ∈ E ′ . Denote by λ the natural inclusion of E in F . By construction λ is an isometry. We define Λ : L(E) −→ L(F ) where Λ(T ) is the operator on F whose restriction to E is T and whose restriction to E ′ is the null operator. Clearly Λ is injective and the operator norm of Λ is 1. Indeed if Π is the projection of F on E with kernel E ′ we have
Finally, it is easy to verify that we have Λ(T • T ′ ) = Λ(T ) • Λ(T ′ ) which ends the proof.
Proof. of Theorem 36.-According to Lemma 37, by induction, we can build a family of norm || | n on each E n and an isometry Λ n :
is a Banach subspace of L(E n+1 ) with the induced topology. It follows that G = n∈N L(E n ) = lim − → L(E n ) is a convenient space. On the other hand, for the operator norm in each L(E n ) we have
On each L(E n ), we consider the norm ν n = 2|| || L(En) . Then ν n defines the topology of L(E n ). The inclusion Λ n is still an isometry and we have
Given T ∈ G then T belongs to some L(E n ); we then have
On one hand, classically, the exponential map exp n : L(E n ) −→ GL(E n ) is an analytic diffeomorphism over the ball B n (0, ln(2)) (relative to the norm ν n on L(E n )) in GL(E n ). On the other hand, we have the relations: exp n+1 |L(En) = exp n and B n+1 (0, 1 2 ln(2)) E n = B n (0, 1 2 ln(2)). It follows that exp G is injective on n∈N B n (0, 1 2 ln (2)). Therefore all the assumptions of Theorem 35 are satisfied and we get the announced result.
Direct limit of Banach vector bundles
Definition 38. The sequence F = (F n , π n , M n ) n∈N * of Banach vector bundles is called ascending sequence of Banach vector bundles if 1. M = (M n ) n∈N * is an ascending sequence of Banach C ∞ manifolds, modeled on the Banach space M n such that M n is a complemented Banach subspace of M n+1 and the inclusion ε
2. The sequence of fibers (F n ) n∈N * is an ascending sequence of Banach spaces such that F n is a complemented Banach subspace of
• π n where λ n+1 n : F n −→ F n+1 are the bonding morphisms.
Proposition 39. Let F = (F n , π n , M n ) n∈N * be an ascending sequence of Banach vector bundles. Assume that (M n ) n∈N * has the direct limit chart property at each point of x ∈ M = lim − → M n .
Then lim − → F n , lim − → π n , lim − → M n can be endowed with a structure of convenient vector bundle whose base is modeled on the (LBC) space lim − → M n and whose structural group is the convenient Lie group lim − → GL(F n ).
Proof. Let v ∈ lim − → F n . There exists n 0 ∈ N * such that v ∈ F n0 . Let x = π n0 (v). According to the direct limit chart property let (U, φ) be a chart of
Using the commutativity of the diagram
Ψ is a homeomorphism as a direct limit of homeomorphisms Ψ i . Thanks to the maps (U i , φ i ) i≥n0 we can define a map on lim − → F i in v as follows:
The set A of all these charts forms a c ∞ −atlas since the chart changings are
with θ βα ∈ GL(F) where GL(F) = n∈N * GL (F n ) has a structure of convenient Lie group (cf. Theorem 36). It remains to show the c ∞ −differentiability of the projection π :
We then obtain the c ∞ −differentiability of π.
5 Linear connections on direct limit of anchored Banach bundles
Bundle structures on the tangent bundle to a vector bundle
Let M be a smooth Banach manifold modeled on a Banach space M and let π : E → M be a smooth Banach vector bundle on M whose typical fiber is a Banach space E. Let p E : T E → E and p M : T M → M be the canonical projections of each tangent bundle. There exists an atlas {U α , φ α } α∈A of M for which E |U α is trivial; therefore we obtain a chart (
the atlas describing the canonical vector bundle structure of (T E, p E , E). Let (x, u) be an element of E x = π −1 (x) where x ∈ U αβ = U α ∩ U β = φ and let (x, u, y, v) 
E (x, u, y, v) be, we have the transition functions:
So for fixed x β , u β the transition functions are linear in y β , v β ∈ M × E. This describes the vector bundle structure of the tangent bundle (T E, p E , E).
On the other hand, for fixed x β , y β the transition functions of T E are also linear in u β , v β ∈ E×E and we get a vector bundle structure on (T E, T π, T M ) which appears as the derivative of the original one on E.
Connections on a Banach bundle
The kernel of T π : T E −→ T M is denoted by V E and is called the vertical bundle over E. It appears as a vector bundle over M . It is well known that V E can also be seen as the pull-back of the bundle π : E −→ M over π as described by the following diagram:
γ (0) where γ(t) = u + tv. This map is fiber linear over M . Let J : V E → T E be the canonical inclusion. According to [Vil] we have:
The datum of a connection V on E is equivalent to the existence of a decomposition T E = HE ⊕ V E of the Banach bundle E with HE = ker V . We then have the following diagram:
T E → E is called the connection map or connector which is a smooth morphism of fibrations. Note that, in each fiber T (x,u) E, the kernel of D is exactly the subspace H (x,u) E of HE in T (x,u) E. Therefore, the datum of D is equivalent to the datum of V . We then have, modulo the identification V E ≃ π * E via vl E :
If moreover D is linear on each fiber the connection is called a linear connection.
Modulo the identification of U ⊂ M and φ(U ) ⊂ M we have the following identifications:
According to these identifications, we obtain the following characterizations of V and D:
where ω is a smooth map from U × E to the space L(M, E) of bounded linear operators from M to E. This connection is linear if and only if ω is linear relatively to the second variable. In this case, the relation Γ(x)(u, y) = ω(x, u)y gives rise to a smooth map Γ from U to the space of bilinear maps L 2 (E, M; E) called local Christoffel components of the connection. Conversely, a connection can be given by a collection (U α , ω α ) of local maps
Remark 41. It is classical that if M is paracompact and has a partition of unity there always exists a connection on M . However, these assumptions impose the same assumptions on the Banach space M.
On the other hand, it is well known that there exists linear connections on a Banach manifold without such assumptions. For instance if T M ≡ M ×M there always exists a (trivial) connection on M . But there exists also other situations for which a linear connection exists on a Banach manifold. For example there exists linear connections on Loop spaces (see for instance [CrFa] ) or on the manifold M(µ) of strictly positive probability densities of a probability space (Ω, Σ, µ) (cf. [LoQu] ).
Definition 42. A Koszul connection on E is a R-bilinear map ∇ : X(M )×E → E which fulfills the following properties:
In a local trivialization E |U ≡ U × E, a local section σ of E defined on U can be identified with a map σ : U → E. Then ∇ has the local expression:
where Γ is a smooth map from U to L 2 (E, M; E) also called the local Christoffel component of ∇.
There is a one to one correspondence between Koszul connections and linear connections on E. The intrinsic link between a linear connection D and a Koszul connection ∇ is given by:
where T σ is the tangent map of σ : M → E. In particular in a local trivialization, the Christoffel components of ∇ and D coincide.
Direct limit of Banach connections
Definition 43. Let F = (E n , π n , M n ) n∈N * be an ascending sequence of Banach vector bundles where ε n+1 n : M n −→ M n+1 and λ n+1 n : E n −→ E n+1 are the compatible bonding maps. A sequence of connections D n : T E n −→ E n is called a direct sequence of Banach connections if
Theorem 44. Let (D n ) n∈N * be a direct sequence of Banach connections on an ascending sequence F = (E n , π n , M n ) n∈N * of Banach bundles and assume that (M n ) n∈N * has the direct limit chart property at each point of x ∈ M = lim − → M n . The direct limit D = lim − → D n is a connection on the convenient vector bundle
Proof. Let x be in lim − → M n . We suppose that x ∈ M n0 . According to the direct limit chart property let (U α , φ α ) be a chart of
we have the following diagram:
Using the expression in local coordinates ε : E i −→ E i+1 we then obtain that (D α i ) i≥n can be realized as a direct limit because we have:
We obtain an analogous result for the smooth Banach local forms ω
Using the intrinsic link between a connection D and a Kozsul connection ∇ we get the following result:
Corollary 45. Let (D n ) n∈N * be a direct sequence of Banach connections on an ascending sequence F = (E n , π n , M n ) n∈N * of Banach bundles and consider the associated Kozsul connections (∇ n ) n∈N * . Moreover assume that (M n ) n∈N * has the direct limit chart property at each point of x ∈ M = lim − → M n .
The direct limit ∇ = lim − → ∇ n is a Kozsul connection on the convenient vector
Sprays on an anchored Banach bundle
We begin this subsection with a brief presentation of the semi-sprays theory on an anchored Banach bundles according to [Ana] .
Definition 46. An anchored Banach bundle is a triple (E, M, ρ) where π : E → M is a Banach bundle and ρ is a bundle morphism (the anchor) from E to T M .
Definition 47. A semi-spray on an anchored bundle is a vector field S on E such that T π • S = ρ.
This means that in a local trivialization
Theorem 48. A vector field S on E is a semi-spray if and only if each integral curve of S is an admissible curve.
In a local trivialization E |U ≡ U × E a semi-spray can be written as
The Euler field C is the global vector field on E which is tangent to the fiber of π (i.e. vertical ) and such that the flow C is an infinitesimal homothety on each fiber. A semi-spray S is called a spray if S is invariant by the flow of C. This condition is equivalent to the nullity of the Lie bracket [C, S] . In this case, in a local trivialization the function G in Definition 47 is linear in the second variable. Conversely, a spray can be given by a collection (
). Given a Koszul connection ∇ on E and an admissible curve c : I → E as, in the infinite dimensional case, we associate an operator of differentiation ∇ c of the set of sections of E along γ = π • c given by ∇ c σ = ∇γσ. In particular c is a section along γ.
In a local trivialization E |U ≡ V × E an admissible curve c : I → E |U is a geodesic of ∇ if and only π • c is a solution of the following differential equation:
where Γ is the local Christoffel component of ∇ on E |U . Therefore, if we set
, we get a vector field S U on E |U which satisfies the relation given in Definition 47 and so is a spray on E |U . Now, according to the compatibility conditions between the local Christoffel components we obtain a unique global spray associated to ∇. Conversely, as in the case of E = T M (cf. [Vil] ) given a spray S on E, we can associate an unique connection ∇ whose associated spray is S.
Taking in account the classical Theorem of existence of a local flow of a vector field on a Banach manifold, we obtain: Theorem 50. . Let (E, M, ρ) be an anchored bundle. There exists a spray on E and if and only there exists a Koszul connection ∇ on E. Moreover there exists a canonical correspondence one to one between sprays and Koszul connections on E so that an admissible curve is a geodesic of the Koszul connection ∇ if and only if this curve is an integral curve of the unique S associated to ∇. . When E = T M , there exists an exponential map Exp : U ⊂ T M → M defined on an open neighborhood U of the zero section such that P M |U → M is a fibration whose each fiber U x is star-shaped open neighborhood of 0 in T x M . Moreover the differential of the restriction Exp x of Exp to U x is equal to Id TxM at 0. The morphism ρ gives rise to a F −module ρ : E →T M=X(M ) defined for every x ∈ M and every section s of E by: ρ (s) (x) = ρ (s (x)) and still denoted by ρ.
Definition 52. An almost Lie bracket on an anchored bundle (E, M, ρ) is a bilinear map [ , ] E : E × E :−→ E which satisfies the following properties: 1.
[ , ] E is antisymmetric; 2. Leibniz property :
Definition 53. A Lie bracket is an almost Lie bracket whose jacobiator vanishes: 
Notice that the converse is not true in general (take ρ ≡ 0 for instance). In general the almost Lie bracket of an algebroid (E, M, ρ, [ , ]) does not satisfy the Jacobi identity.
Remark 56. Since the terminology of almost Poisson bracket seems generally adopted in the most recent papers on nonholonomic mechanics, in this work we have adopted the definition of an almost Lie algebroid given in [LMM] . Therefore taking in account the relation between almost Linear Poisson bracket and almost Lie bracket, this terminology seems to us well adapted. Therefore and according to [PoPo] , we use the denomination "algebroid" for an almost algebroid such that the anchor is a morphism of Lie algebras. Note that in [PoPo] or in [GrJo] an almost Lie algebroid corresponds to the previous definition of an algebroid and our denomination "almost algebroid " corresponds to "quasi-Lie algebroid" in [PoPo] or in [GrJo] .
Example 57. Consider a smooth right action ψ : M × G −→ M of a connected Lie group G over a Banach manifold M . Denote by G the Lie algebra of G.We then have a natural morphism ξ of Lie algebra from G to X(M ) defined by:
For any X and Y in G, we have:
where {., .} denotes the bracket on the Lie algebra G (see for instance [KrMi] , 36.12).
On the trivial bundle M ×G, each section can be identified with a map σ : M −→ G. We then define a Lie bracket {{., .}} on the set of such sections by:
Moreover if we denote by G x the closed subgroup of isotropy of a point x ∈ M and by G x ⊂ G its Lie subalgebra, we have ker Ψ x = G x . If G x is complemented G for any x ∈ M then the weak distribution D = Ψ (M × G) is integrable and the leaf through x its orbit ψ (x, G) (cf. [Pel] , example 4.3, 3.).
Remark 58. If there exists a Koszul connection ∇ on E then we get an almost
) E is an almost Banach Lie algebroid we can define the following operators:
Ω (M, E) − value derivative according to a section s of E:
(ii) ψ is a morphism of almost Banach Lie algebroids from (E, π, M, ρ,
(b) for any pair of ψ related section s ′ i and s i , for i = 1, 2 then we have
In a dual way, a morphism ψ : E → E ′ which satisfies property (a) is an almost Banach Lie algebroid morphism if the mapping ψ
. . , ψ • s q ) commutes with the differentials: 
Direct limits of almost Banach Lie algebroids
Definition 60.
(i) (E n , π n , M n ) n∈N * is called a direct sequence of anchored Banach bundle if (1) (E n , λ m n ) n∈N * , m∈N * , n≤m is a direct sequence of Banach vector bundles (π n : E n → M n ) n∈N * over the direct sequence of Banach manifolds ((M n , ε m n )) n∈N * , m∈N * , n≤m (2) for all n, m ∈ N * such that n ≤ m, one has 
We then have the following result which generalizes the situation proved in [Cab] .
is a Banach algebroid (resp. a Banach Lie algebroid) for n∈ N * .
Proof. 1. According to Proposition 39, lim − → E n , lim − → π n , lim − → M n can be endowed with a structure of convenient vector bundle whose base is modeled on the (LBC) space lim − → M n and whose structural group is the convenient Lie group lim − → GL(F n ). 2. Let s 1 n n∈N * and s 2 n n∈N * be direct sequences of sections of the linear bundles π n : E n → M n , i.e. fulfilling the conditions :
In order to define a structure of almost convenient Lie structure on the direct limit we have to prove the compatibility of the brackets 
For the LHS, we have:
For the RHS, we get:
Finally we have for all 
We can write :
3.Now, from the previous construction of lim
Moreover, it is also easy to show that if each bracket [ , ] n satisfies the Jacobi identity, then lim − → [ , ] n satisfies also a Jacobi identity. These last proofs are left to the reader.
Corollary 62. Let (D n ) n∈N * be a direct sequence of Banach connections on an ascending sequence E = (E n , π n , M n ) n∈N * of Banach bundles and assume that (M n ) n∈N * has the direct limit chart property at each point of x ∈ M = lim − → M n . Then there exists an almost convenient Lie structure on the bundle
Proof. On each anchored bundle (E n , π n , M n , ρ n ) we denote by ∇ n the E nKoszul connection associated to D n . Therefore [s 
7 Integrability of distributions which are direct limit of local Koszul Banach bundles 7.1 Integrability of the range of an anchor
We first recall the classical definitions of distribution, integrability and involutivity.
Definition 63. Let M be a Banach manifold.
2. A vector field X on M , defined on an open set Dom(X), is called tangent to a distribution ∆ if X(x) belongs to ∆ x for all x ∈Dom(X). Clearly, an integrable distribution is involutive, but the converse is not true in general (even in finite dimension). Classically, in Banach context when ∆ is a complemented subbundle of T M , according to the Frobenius Theorem involutivity implies integrability. In finite dimension, the famous results of H. Sussman and P. Stefan give necessary and sufficient conditions for the integrability for smooth distributions. A generalization of these results in the context of Banach manifolds can be found in [ChSt] and [Pel] . We are now in situation to prove the following theorem which will be useful for the proof of the main theorem on the integrability of a distribution on a direct limit of Banach manifolds endowed with Koszul connections. Proof. The first part of this theorem is an easy adaptation of the proof of Theorem 5 in [Pel] . We consider a leaf L of D. If ι : L → M is the natural inclusion, this is a smooth immersion of L in M . Let x be any point of L and denote K x the kernel of ρ x : π −1 (x) = E x → T x M . According to the assumption on E, we have a decomposition E x = K x ⊕ F x . From the proof of Theorem 2 of [Pel] , L is a Banach manifold modeled on F := F x . Consider the pull back E L of E over L via ι : L → M . We have a bundle morphismι from E L in E over ι which is an isomorphism on each fiber. Therefore, the kernel ofρ = ρ • ι is a Banach subbundle K L of E L and we have a subbundle F L of E L such that E L = K L ⊕ F L . In particular we have an isomorphism ρ L from F L to T L. It follows that the tangent map T ρ L : T F L → T (T L) is also an isomorphism. On the other hand, according to the decomposition
Now, assume that there exists a non linear connection on E and let D : T E → E be the associated map connection. The mapD
−1 is smooth and sends the fiber of T (x,u) (T L) over (x, u) ∈ T L into the fiber of (E L ) x over x ∈ L. Asι is an isomorphism from (E L ) x to the fiber E x over ι(x), it follows thatD L is a linear continuous map between these fibers. In particular, we can considerD L as a map from
Criterion of integrability for local direct limit of local Koszul Banach bundles
Let M be a convenient manifold and denote by T M its dynamical tangent bundle. In the same way, a distribution ∆ on M is again an assignment ∆ : x → ∆ x ⊂ T x M on M where ∆ x is a subspace of T x M . The notion of integrability and involutivity of a distribution recalled in subsection 7.1 can be clearly adapted to the convenient context. We will now give a criterion of integrability for direct limit of local Koszul Banach bundles. More precisely we have:
Definition 65. A distribution ∆ on a convenient manifold M will be called a local direct limit of local Koszul Banach bundles if the following property is satisfied: (*) for any x ∈ M , there exists an open neighbourhood U of x, a direct set of anchored Banach bundle (E n , π n , U n , ρ n ) n∈N * endowed with a Koszul connection ∇ n , such that U = lim − → U n , lim − → ρ n (E n ) = ∆ |U and such that E n is a complemented subbundle of E n+1 .
Remark 66. In the context of paracompact finite dimensional manifolds or Hilbert manifolds the condition of the existence of a Koszul connection ∇ n and E n complemented in E n+1 are automatically satisfied.
We then have the following criterion of integrability:
Theorem 67. Let ∆ be a local direct limit of local Koszul Banach bundles. Assume that in the property (*) there exists an almost Lie bracket [ , ] n on (E n , π n , U n , ρ n ) such that (E n , π n , U n , ρ n , [ , ] n ) is a Banach algebroid, and over each point y n ∈ U n the kernel of ρ n is complemented in the fiber π −1 n (y n ). Then the distribution ∆ is integrable and the maximal integral manifold N through x = lim − → x n is a weak convenient submanifold of M which is a direct limit of the set of maximal leaves N n of ρ n (E n ) through x n in M n . Moreover, each maximal leaf has the limit chart property at any point.
Proof. At first, for each n ∈ N * we can apply the first part of Theorem 64. Therefore, with the notation of property (*), if we fix some x = lim − → x n , there exists a maximal integral manifold N n of ρ n (E n ) through x n in U n . Recall that we have U n ⊂ U n+1 and E n ⊂ E n+1 over U n . Therefore, according to Property (2) of Definition 60, for any y ∈ N n , we have T y N n ⊂ T y N n+1 on N n ∩ N n+1 . Since N n+1 is a maximal integral manifold of ρ n+1 (E n+1 ) in U n+1 and U n ⊂ U n+1 , if y belongs to N n we have a smooth curve in N n which joins x n to y and since E n ⊂ E n+1 over U n this curve must be contained in N n+1 and so N n must be contained in N n+1 . Now, in one hand, over each point of U n the kernel of ρ n is complemented in each fiber and, on the other hand, over N n the kernel of ρ n is a subbundle of E n|N n . The same property is true for E n+1|Nn+1 . But over N n ⊂ N n+1 we have ρ n (E n|N n ) = T N n ⊂ (T N n+1 ) |Nn = ρ n+1 (E n+1 |Nn ) Therefore (ker ρ n+1 ) |Nn ⊂ (ker ρ n ) |Nn . But, from our assumption, we have the following Whitney decomposition : E n+1 |Nn = F n+1 ⊕ (ker ρ n+1 ) |Nn and E n|N n = F n ⊕ (ker ρ n ) |Nn . Therefore (ker ρ n ) |Nn = (ker ρ n+1 ) |Nn ⊕ F n+1 ∩ (ker ρ n ) |Nn Finally we obtain: (T N n+1 ) |Nn = T N n ⊕ ρ n+1 (F n+1 ∩ (ker ρ n ) |Nn ) Now, from property (*) and the second part of Theorem 64, we have a linear connection on T N n . Thus the ascending sequence (N n ) satisfies the assumption of Corollary 30, N = lim − → N n has a structure of convenient manifold modeled on a (LBC)-space. Moreover, by construction, we have T N = ∆ |N . This means that ∆ is an integral manifold of ∆ through x. Moreover N satisfies the direct limit chart property. Take any maximal integral manifold L of ∆ and choose some x = lim − → x n in L. From our previous construction we have a sequence of Banach integral manifolds (N n ) such that N = lim − → N n is an integral manifold of ∆ through x. Therefore N is open in L. Since N has the direct limit chart property, then the same is also true for L.
From this result we obtain easily:
Corollary 68. Let (E n , π n , M n , ρ n , [ , ] n ) n∈N * be a direct sequence of Banach algebroids provided with a Koszul connection on each E n such that over each
